Axial Turbulent Diffusion in Fluid between
Rotating Coaxial Cylinders

The viscous flow between a long stationary outer cylinder and
a coaxial rotating inner cylinder takes place along circular
stream lines (Couette flow) if a suitable dimensionless measure
of the inner rotation speed, i.e., the Taylor number, is small
enough. When the Taylor number exceeds a critical value, vor-
tices appear, periodically spaced in the axial direction (Taylor
vortex flow). When the Taylor vortex flow is associated with a
flow in the axial direction, a spiral flow is induced. The rotary
annular column with a spiral flow has been used as an extractor
on a laboratory scale for over 50 years (Lo et al., 1982). How-
ever, the mass transport phenomena have been scarcely investi-
gated, and the uncertainty associated with the radial scale-up
effect on the extraction efficiency makes it difficult to use the
rotary annular column for industrial purposes.

Recently, Tam and Swinney (1987) studied mass transport
experimentally in the turbulent Couette-Taylor flow without an
axial flow, using a relatively small-scale apparatus, the annular
gap-width of which ranged from 1.285 to 0.318 cm. They pro-
posed a one-dimensional model for the analysis of mass trans-
port and measured the effective axial diffusion coefficient, i.c.,
the axial dispersion coefficient, ﬁ, for radius ratios, », ranging
from 0.494 to 0.875, and at Reynolds numbers, Re;, ranging
from 50 to 1,000 times the onset of Taylor vortex flow. They
described the dispersion coefficient by a power law, D « Ref,
whose § varies upon the experimental conditions and geometry
of an experimental apparatus.

The objectives of this work are the following:

e Discussion of the scale-up effect on axial mixing by the mea-
surement of axial dispersion coefficients, using the experimental
apparatus of larger rotating coaxial cylinders

o Development of a general correlation for the axial disper-
sion coefficients in rotating coaxial cylinders under several oper-
ational conditions

e Measurement and discussion of axial dispersion coefficients
with an axial flow
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Experimental Methods
Rotating coaxial cylinders

A schematic diagram of the experimental apparatus is shown
in Figure 1, and the characteristic dimensions of the two col-
umns are summarized in Table 1. The outer cylinder, made of
borosilicate glass, was fixed, and the inner cylinder, made of
stainless steel, was rotated by a stepping motor. The rotation
rate ranged from 30 to 200 revolutions per minute, which was
contolled by an electric pulse generator. The effective length of
the annulus, L, was 40 or 50 cm, and the aspect ratios, I' = L/d,
where d is the gap between the cylinders, were 22.2 or 16.4. To
minimize the influence of the top boundary on the axial disper-
sion process, the axial length of the upper settling part was 40
cm in excess of the effective height of the annulus.

Deionized water was used as testing fluid for the measure-
ment of dispersion coefficients. Deionized water was contained
in a stainless steel tank of 0.1 m* in volume and pumped to the
experimental apparatus at a constant flow rate. The linear flow
velocity ranged from 0 (i.e., Couette-Taylor condition) to 1.16
cm - s7' (at maximum axial flow rate). All experiments were
performed at room temperature (289 K), and the temperature
deviation was measured before and after each run. The maxi-
mum temperature rise was within 1K, so the joule heating due to
rotation of the inner cylinder was negligible. Effluent from the
column was drained through the outlet line to a receiver tank.

The stepping motor began rotating when the system was filled
with fluid. Thereafter, equilibrium flow patterns were reached
in a few minutes.

Measured method

Dye solution (0.63 mol dm~™" methylene blue;
CsH;sN;CIS .« 4H,0) was injected by a micro tubing pump
approximately 0.01 cm® - s~! through a stainless steel tube
(0.125 mm ID) located in the middle of the settling down
region. The dye concentration was determined as a function of
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time by laser absorption measurements. A single helium-neon
laser (1 mW) was scanned along the outer cylinder by a linear-
geared motor for the measurement of dispersion coefficient
when there was no axial flow. The scanning width was 19 cm,
and the scanning frequency was 0.1 Hz. Double beams at fixed
positions were used to measure dispersion coefficients with an
axial flow. The beam from a helium-neon laser was directed
through the gap between the cylinders in both methods. The
transmitted laser intensity, monitored with a photodiode, was
recorded as a function of time in the computer system.

After each measurement, a small amount of flow visualiza-
tion particles was introduced into the fluid, so that we could
observe the flow pattern. The number of Taylor vortices was
counted at that point, to obtain the average axial wavelength, A,
for the fluid without an axial flow rate. The experimental system
was flushed with deionized water several times after each mea-
surement before the next run.

Analytical Model!

The transport of species A, e.g., dye, with concentration,
C4(7, t), in an incompressible flow is governed by

AC(r,ty . - -
—~"—(§ti—2 + (7 1) - ACF. 1) = DpV2C(F, 1), (1)

where v(7, 1) is the fluid velocity and D is the molecular diffu-
sion coefficient. This equation can be simplified to a one-dimen-
sional diffusion equation for Taylor vortex flow because the fol-
lowing conditions are satisfied (Tam, 1987):

e The fluid is well mixed in both the radial and azimuthal
directions on a time scale that is short compared to that for axial
transport.

o The transport process is measured with a length scale that is
large compared to the size of the largest eddies.

We applied the same simplification not only for Taylor vortex
flow, but also for the spiral flow. A one-dimensional form for Eq.
lis

AC(z, 1) AC(z,1) ~8°Culz, 1)
+ o, =D 3
ot oz dz

(2

where z is the coordinate along the axial of rotation and C,(z, 1)
is the concentration of species A, averaged in the radial and azi-
muthal directions and over an axial distance on the order of vor-
tex size.

The assumptions that allow Eq. 1 to be written as Eq. 2 are
examined by the preliminary scanning measurement of concen-
tration flatness in a Taylor vortex in the axial direction at the top
boundary of the measuring region (19 cm), because a circular
stream line takes place in the vertical cross section of a single
VOrtex.

Since the measuring region is relatively small compared to the
total length of the column (160 cm) in our experimental appara-
tus, we can ignore the end effects and have taken the mathemat-
ical model proposed by Aris (1959) and Bischoff (1960, 1962),
which can also be adopted to a scanning measurement (where a
laser and a detector are moving with v¥) by changing the vari-
able, z* = z + v¥. 1, where z* is the position which the laser
beam reaches at time . The effective dispersion coefficient in
the Peclét number (Pe = v,Ly/D or v*L, / 5) is evaluated by the
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Figure 1. Experimental apparatus.

1. Inner cylinder 7. Feed solution

2. Quter cylinder 8. Effluent

3. Annulus 9. Amplifier

4. He-Ne laser 10. A/D converter

5. Photodiode 11. Computer system

6. Dye injector

difference of the variance (As?) of the normalized concentration
curve as a function of time, using the following relationship
(Aris, 1959; Bischoff, 1962):

Ad? = — 3)

Results and Discussion for Taylor-Couette Flow

Dependence of rotation speed on axial dispersion
coefficients

The measured values of the axial dispersion coefficients, D,
without axial flow are typically 0.1 ~ 0.5 cm? - s™', which are
more than four orders of magnitude larger than the molecular
diffusion coefficient. This means that vortices of various scale
greatly enhance mass transport in a rotating coaxial extractor.

D, at each radius ratio increased continuously with rotary
speed, as shown in Figure 2. D, can be described by a power low

Table 1. Parameters for Experimental Apparatus
Inner Outer  Gap Effect.
Dia. Dia.  Width Dia. Height Aspect
r r d Ratio L Ratio
cm cm cm n cm r
Columnl 445 7.50 305 0593 50 16.4
Column 11 5.70 7.50 1.80  0.760 40 222
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in rotation speed, i.e., the Reynolds number in the azimuthal
direction. Tam and Swinney (1987) proposed the following rela-
tionship:

By- 2 D“:(Fﬁ)ﬂ @

where Rej; was the critical value at the bifurcation point between
the Couette and Taylor vortex flows. We also tried a similar cor-
relation, but the best values of DF and the exponent 8 for our
data did not agree with the previous observations by Tam and
Swinney (1987). This was because our experimental apparatus
had an approximately three times larger diameter of the outer
cylinder than was used in the prior study, while the radius ratio
was almost same.

Scale effect on axial dispersion coefficients

According to the analysis of the hydrodynamic instability, as
the gap width increases, the revolution rate lowers, to which the
flow is critical in becoming a vortex flow (Taylor, 1923). There-
fore, the strength of the vortex is influenced by a geometrical
factor.

We visualized Taylor vortex flow by the addition of small par-
ticles to observe stream lines in the gap of the column. Judging
from the observation, convection dominated the transport within
the Taylor vortex, similarly to the Rayleigh-Bénard convection
cell (Shraiman, 1987). Therefore, the concentration gradient,
between adjacent stream lines within the Taylor vortex, aver-
ages out to almost zero. On the other hand, in the vicinity of the
separatrix between the vortices, the vertical component of the
flow velocity vanished and the mechanism of the mass transport
from one vortex to another was mainly by diffusion through the
separatrix zone. In our observation, increasing the rotation
speed of the inner cylinder increased the frequency with which
small particles went through this zone. We therefore conclude
that the strength of the vortex dominates the mass transport pro-
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Figure 2. Measured values of dispersion coefficient, D,.
Experimental data = function of angular velocity.
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cess near the separatrix. As a measure of the strength of the
Taylor vortex, we selected r,,Q%, which is used by Davis, Jr., and
Weber (1960), to analyze data on hold-up fraction in a liquid-
liquid extractor. Figure 3 illustrates the correlation between the
measured data for effective dispersion coefficients and the
strength of the vortex. Therefore, the behavior of the dispersion
coefficient is described well by the following equation:

Dy = alr,@*)F (5)

where o = 0.0309 and 8 = 0.405.

In Figure 3, the data obtained by other investigators are plot-
ted in addition to our experimental data, and both kinds of data
are well correlated. This result is of practical importance for a
design study of this type of extractor.

Results and Discussion for Spiral Flow
Axial wavelength

Flow in the axial direction in the gap of the coaxial cylinders
caused a pair of stable counter-rotating spiral flows. We mea-
sured the averaged pitch, A, of the spiral flow. In the Taylor vor-
tex flow, the wave number, a, was defined by the following equa-
tion:

a=—}\—d. (6)

And a is almost equal to the critical wave number (a, = 3.12)
that is given at the occurrence of the Taylor vortex (Chandra-
sekher, 1961). In our experimental region, all wavenumbers cal-
culated by using Eq. 6 agreed very closely with a,, and the aver-
age pitch of the vortex was scarcely affected by the axial flow.

Effect of flow rate on axial dispersion coefficients

A convective flow enhances the dispersion in general. In spiral
flow through the gap between rotating coaxial cylinders, turbu-
lent mixing along the helical axis of the flow is added to the dif-
fusion through the separatrix zone. Since the azimuthal compo-
nent of flow velocity is characterized by Rew,, the ratio
D - Dy) /(r2d) should be proportional to the axial velocity,
v,. Figure 4 shows this proportionality for all measured data of
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Figure 3. Dispersion coefficients: this study vs. others
with general correlation.
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Figure 4. Effect of axial flow velocity on dispersion coef-
ficient.

D. This relation describes each data with an error of
approximately +25%, so that the following equation can be used
to evaluate the dispersion coefficient for a flow of deionized
water in the rotating coaxial cylinders:

D = a(r, @) + vyrQdv,, Q)

where o = 0.0309, 8 = 0.405, and v = 0.027.

The uncertainty in this correlation increases with an increase
in v,. To reduce the uncertainty, an advanced experiment and a
new correlation based on a multi-dimensional convective diffu-
sion model should be tested in future experiments, which should
include complicated concentration measurements.

Notation

a = wavenumber of Taylor vortex, cm™’

_, @ = critical wavenumber of Taylor vortex, cm™
C4(z, 1),C(r, ) = concentration of component 4, mof m 3
d ~ gap width between concentric cylinders, cm
D = dispersion coefficient in axial direction, cm’® - §
D, = dispersion coefficient in axial direction without axial
flow, cm® - s~
D¥ = scaled diffusion coefficient, Tam and Swiney, cm? .

$
D,.; = molecular diffusion coefficient, cm? - 57!

1

—1
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L = height of effective experimental region, cm
L, = height of experimental space for measuring effective
diffusion coef., cm  _
Pe = Peclét number, v,L,/D
Re, = Reynolds number in azimuthal direction, r,Qd/»
Rej = critical Reynolds number in azimuthal direction,
_, nSd/y
r = position, cm
r, = diameter of inner concentric cylinder, cm
r, = diameter of outer concentric cylinder, cm
r., = average diameter (r, + r,)/2, cm
t = time, §
v, = linear flow rate in axial direction, cm - s~
_._. u¥~ velocity of scanning laser, cm - s~
v(r, t) = fluid velocity, cm « s~'
z = axial coordinate, cm
z* = axial coordinate for moving boundary, cm

1

Greek letters

a = coefficient in the power law
B = exponent of the power law
v = coefficient in the power law
7 = radius ratio
» = kinetic viscosity, cm - 57!
A\ = averaged wavelength of a Taylor vortex, cm
Ac? = variance difference of response curve for tracer conc.
after injection
I’ = aspect ratio, L/d
Q = angular velocity of inner cylinder, rad - s
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